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Abstract 

Unitary representations of the Galilei group are studied in phase 
space, in order to describe classical and quantum systems. Condi- 
tions to write in general form the generator of time translation and 
Lagrangians in phase space are then established. In the classical case, 
Galilean invariance provides conditions for writing the Liouville oper- 
ator and Lagrangian for non-linear systems. We analyze, as an exam- 
ple, a generalized kinetic equation where the collision term is local and 
non-linear. The quantum counter-part of such unitary representations 
are developed by using the Moyal (or star) product. Then a non-linear 
Schrodinger equation in phase space is derived and analyzed. In this 
case, an association with the Wigner formalism is established, which 
provides a physical interpretation for the formalism. 
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1 Introduction 



Phase space (F) is the natural manifold for formulation of the kinetic theory; 
and as such, is the basic starting point for exploring symmetry. For classical 
particles and fields, the Poisson bracket, a symplectic two-forms in F, is 
mapped in the Lie product of Lie algebras [H [2] , giving rise to representations 
of kinematical groups. In particular, unitary representations constructed 
from a Hilbert space in F are of interest for their practical appeal: taking 
advantage of the notion of linear space to develop, for instance, perturbative 
techniques. 

For the Galilei group, describing non-relativistic systems, unitary repre- 
sentations for classical statistical systems were proposed by Schonberg [H El 
|6], who introduced the notion of Fock-space in F and the study of unitary 
symplectic representations. Numerous other developments then followed, to 
consider the Brownian motion, stochastic processes, classical kinetic theory 
and generalizations of these ideas to the quantum domain [7]-|22]. 

The phase space for quantum systems is introduced by the Wigner func- 
tion [23]- [27]. In such an approach each operator. A, defined in the usual 
Hilbert space, T-L, is associated with a function, avy(g,p), in F [21]- [29]. Then 
there is a mapping Qw '■ ^ ciw{(l,p), such that, the associative algebra of 
operators defined in 7i turns out to be an associative algebra in F, given by 
flw '■ — )■ ay/ * b]Y, where the star (or Moyal)-product, * , is given as 



This provides a non-commutative algebraic structure in the phase space, 
that has been explored in different ways [21]- [SI]- The study of unitary 
representations of Lie groups in phase space for quantum systems has been 
achieved [30j-[32j, by using the Weyl operators, a = a^*, that are introduced 
as a mapping on functions bw, such that a{bw) = aw * bw- This symplectic 
representation provides a way to consider a perturbative approach for Wigner 
functions based on symmetry groups. One example is the X(j)^ field theory 
in phase-space, giving rise to a relativisitic kinetic equation with a local 
Boltzmann-like collision term. It is important to emphasize that, although 
associated with the Wigner formalism, the symplectic representations have a 
Hamiltonian, and not a Liouville, operator as generator of time translations. 

From a conceptual standpoint, formulations of physics in phase space are 
such that the generator of time translation, as the classical and quantum 




(1) 
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Liouvillian operators, is usually defined by using the Hamiltonian. In both 
cases, it is necessary to know the Hamiltonian first and then it is possible to 
proceed to the Liouvillian formulation. This has been recognized as a hin- 
drance to exploring a variety of phenomena in kinetic theory and stochastic 
problems, involving non-linear elements and irreversibility fl3\ [T6| [21] H8| [5T| 

By using unitary symplectic representations, we show here that such a 
path to find the generator of time translation in phase space is not necessary. 
With the Galilean symmetries applied to time evolution of physical states, 
we find algebraic relations, which the generator of time translation must 
satisfy. Then it is possible to infer the form of the classical Liouville operator 
without previous knowledge of the Hamiltonian. The Liouville operator is 
interpreted independently of the Hamiltonian form, having a life of its own. 
In a similar way, the Hamiltonian in phase space describing quantum systems 
is constructed. In addition, by using the Hilbert space defined in F and the 
Galilei symmetry, we analyze the Lagrangian formalism. This procedure 
opens numerous possibilities to introduce interactions and non-linear effects 
in the kinetic theory. 

We explore these possibilities by studying a non-linear Schrodinger (or 
a Gross-Pitaevskii-like) equation in phase space [521 [53]. The association 
of this formalism with the Wigner function is then discussed. In the case 
of classical systems, we analyze a Liouville-like equation with a non-linear 
source term. These non-linear equations are solved perturbatively, showing 
a systematic procedure to use the group theory analysis to improve and to 
explore the kinetic theory. 

The paper is organized as follows. In Section 2, we briefly review sym- 
pletic manifolds in order to deflne unitary representations in phase space. In 
Section 3, we consider classical systems and the non-linear Liouville equation. 
In Section 4, we study quantum representations using the Moyal product. In 
Section 5, the non-linear Schrodinger equation in phase space is studied. 
Finally, in Section 6, some concluding remarks are presented. 

2 Symplectic manifolds and Hilbert space 

Consider an analytical manifold M where each point is specifled by Euclid- 
ian coordinates g*, with i = 1,2,3. The coordinates of each point in the 
cotangent-bundle F = T*M is denoted by {q\p^). The space F is equipped 
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with a symplectic structure by the 2-form 
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a; = ^ A dp' (2) 



1=1 

Let us define the following, 

A — V ^ 

c?g* c?p* dq^ ' 

such that for C°° functions, f{q,p) and g{q,p), we have 

a;(/A,^A) = /A^ = {/,^}, (4) 

3 

where {f,g} = ^{§^^ ~ §pi§^) is the Poisson bracket. We identify vector 
1=1 



fields in F by 



where / = f{q\p'') G C^(r). The space F, endowed with this symplectic 
structure, is called the phase space. 

In order to construct a Hilbert space over F, let be an invariant measure 
on the cotangent bundle. If </? is a mapping: F — > R which is measurable. 
Then we define the integral of (p with respect to /i as 

/ ip{z)dn{z), (6) 
Jn 

where z G F. Let 'H(F) be a linear subspace of the space of /x-measurable 
functions ip : T ^ C which are square integrable, such that 



V'(z) f d//(z) < oo. (7) 
We equip 7^(F) with an inner product, (•!•) by 

(V'i|^2) = y" 'ipi{q,pV'ip2{q,p)dli{q,p), (8) 
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where we take z = {q\p^) = {q,p), and ip{q,p) E C°°{T) is such that 

J d^pd'^qtp\q,p)tp{q,p) < oo. (9) 

Then 'H(r) is a Hilbert space. 

In this case, we have ilj{q,p) = {q,p\4'), with 

j d^pd^q\q,p){q,p\ = 1, (10) 

such that, the kets \q,p) are defined from the set of operators Q and P, such 
that 

Q\q,p) = q\q,p), P\q,p) = p\q,p), 
satisfying the commutation condition [Q, P] = 0. The state of a system is 
described by functions 4>{q,p), with the condition 

{^\<P) = j d^pd^qtp\q,p)(P{q,p) <oo (11) 

This Hilbert space, 'H(T), is taken as the representation space to provide 
a general scheme to study unitary representations of the Galilei group. A 
unitary transformation in 'H(r) is the mapping U : 'H(r) 'H(r) such that 
is invariant. 

Observe that a general associative product in 'H(r) is introduced as a 
mapping e*"^ = * : F x F — )• F, called the Moyal (or star) product, as given 
in Eq. (P, i.e. 

f*9 = f{q,p)e"'^9{q,p), (12) 
where / and g are functions in phase-space and dz = d/dz {z = p,q). The 
constant a is used at this point to fix units, without any special meaning. 
The usual associative product is obtained by taking a = 0. In addition, to 
each function, say f{q,p), we introduce operators in the form / = f{q,p)*. 
Such an operator will be used as the generator of unitary transformations. 

In the following sections these two types of representations are analyzed 
explicitly. We take into account the Lie algebra for the Galilei group, q, given 

by 

[Li,Lj] = itijk Lk, [Ki,Pj] = iao6ij, 

[Li, Kj] = ieijkKk, [Kj, H] = iPj, 

[Li,Pj]=iei,kK [Pi,Pj] = Q, ) (13) 

[L,,^] =0, [hH]=Q, 
= 0, 
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where P,K,LandH are the generators of translations, boost, rotations and 
time translations, respectively. The constant Oq is the central extension of 
the group. Defining two operators Q and P that are transformed by the 
boost according to 

exp (^—iv ■ Qj exp (^ivK^ = Qj + Vjt (14) 
exp (^—iv ■ Pj exp (^iv ■ = Pj + mvj, (15) 

then the physical content of the algebra become obvious. The operators Q 
and P are interpreted as position and momentum, respectively. These are 
basic relations used to derive physical conditions to study representations. 
In the following sections we consider classical and quantum representations. 



3 Symplectic classical mechanics 

Let us consider unitary representations in phase space describing a classical 
system. This is achieved by using the vector field in phase space given in 
Eq. (j5]), i.e. we introduce unitary operators with the definition / = iXf. We 
consider the following set of operators: 



where 



P^ = 


iXp, = 


= 




X = 


^Xj,= 




d 


H = 






= iXL- 





d_ 

' dqi 



d d 
im- zt— , 

Li + Si, 



d d 

QkT—+PkT— 

oqj opj 



with Li = eijkQjPk- The boost operator is constructed with the function 
Ki = mqi — tpi. The operators Si are the spin operators (a representation 
of S0{?>) such that S commutes with every operator defined on the phase 
space. We take here Si = 0. This set of operators fulfills the relations given 
in Eq. ( fT3l) with oq = 0. 
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Let us define the linear operators Pi and Qi by 

Pi\Pi,<li) =Pi\Pi,<li), Qi\Pi,(li) = (li\Ph(li), 

such that {q,p\0) = 0{p,q) is a vector in the phase space representation, 
which is a vector in T-LiT). Notice that [Pi,Qj] = 0. Let us evaluate the 
physical consequences of this representation. 

The operators P and Q are interpreted as the momentum and position 
operators, since they satisfy the Galilei boost conditions, namely 

{e\exp{-ivK)Qexp{wK)\(j)) = {e\Q\(f)) + vt{e\(j)), (16) 

and 

{9\ exp {-ivk)Pexp {ivK)\(j)) = {9\P\(j)) + mv{9\^). (17) 

where \6) and |0) (g V.) are arbitrary states of the system, and [Pi,Qj] = 
—iSij. Then, L is the angular momentum, and H is the Hamiltonian. 

Since [Pi,Kj] = 0, then oq = in Eq. (IT^ . However, by introducing 
the c- number operator K = mQ — tP, we have [Pi, Kj] = [Pi, Kj] = —im5ij. 
Taking this relation, together with Eqs. f|T6|) and f|T7|) . we find that the 
constant m is mass. These relations among K, P and Q are similar to those 
used in quantum mechanics, but Q and P commute with one another, since 
they describe the position and momentum of a classical system. 

The expectation value of a dynamical variable A in a state \9) is defined 

by 

{A) = {e\A\e). (18) 

On the other hand, the temporal evolution of A is given by 

{eo\exp{ttH)Aexp{{-ttH)\eo) = {eo\A{t)\eo) , (19) 

where H is called the Liouvillian. Therefore, we have defined a Heisen- 
berg picture for the temporal evolution of the dynamical variables, and from 
Eq. f[T9|) we obtain 

tdtA=[A,H]. (20) 
In the Schrodinger picture, the evolution of the state is given by 

zd,m) = Hm), (21) 
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Using the orthonormality of the states 

{q,p\q' ,p') = 5{q — q')5{p — p') dJid j \q,p){q,p\dqdp = 1, 

we write 

tmq,p;t) = j{q,p\H\q',p'){q',p'\e{t))dq'dp', (22) 
where \9(t)) is in 'H(r) and 0{q,p;t) = {q,p\0(t)). Assuming 
{q,p\H\q',p') = 6{q - q')6{p - p'){q,p\H\q,p), 

we have 

idt9iq,p;t) = C{q,p)e{q,p;t), (23) 

where C{q,p) = {q,p\H\q,p) is the classical Liouville operator, and the con- 
nection with the Liouville equation is to be derived. A simple solution is to 
consider C{q,p) = iXjj = i{H, .} , where H = p^ /2m [T4j. A central point 
here is to find a general form for C{q,p). We solve this problem by using the 
symmetry properties of the Galilei group. To proceed further, let us discuss 
some additional aspects about this symplectic representation for classical 
physics, as it was first proposed by Schonberg [U El E]- A set of rules for 
physical interpretation rules has to be established. For an n-particle system 
described in the phase space, these rules are the following. 

(i) The states of an n-particle system are vectors in Hilbert state -f^(r). 
Each vector is given by a wave function 9n = 0{zi, ■ ■ ■, Zn) with [zi := 
(.QiyPi)): such that, the probability density in the classical phase space 
is written as /„ := f{zi, ■ ■ -, Zn) = |6'„p. The state 6'„ satisfies Eq. (|23|) . 
that is written in the notation of n-particle systems, explicitly, as 

" {H,eny^ = -icjn (24) 



dt 
where, 

{HMn-^{^^^-^^) (25) 
and Hn is the Hamiltonian of a classical ra-particle system. 
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(ii) To each physical quantity a{zi,- ■ -^Zn) = (i{q,p) in phase space, two 
hermitian operators on the space 'H(r) are associated; i.e. a diagonal 
operator A and a differential operator A = iJ2^2i{§f-^ ~ = 
i{a, ■}. The operators A are the usual physical observables, whereas 
operators of type A are called dynamical generators of symmetries. 
The possible values of a physical quantity represented by A are its 
eigenvalues. It follows that the average value of the quantity A in the 
state 9n is (A) = f dzO^AOn = f dz\9n\^a{q,p); i.e, the classical result. 

(iii) In the symplectic representation, we introduce three pictures for the 
state vector \6{t)) as well as for operators of the theory. They are, the 
classical Schrodinger picture, the classical Heisenberg picture and the 
classical interaction picture [H [H] . We have used above the classical 
Heisenberg and Schrodinger pictures, in the analysis of the symplectic 
representation. 

At this point it is instructive to compare this representation for classi- 
cal systems with the usual formulation of quantum physics. In quantum 
mechanics, symmetry transformations are represented by unitary operators 
acting on the Hilbert space [31]. The Hamiltonian operator, for example, 
represents the infinitesimal generator of time translations whereas momen- 
tum generates spatial translations, and so on. This can be formulated in 
terms of representations of the Galilei group in the Hilbert space. In the 
classical symplectic representation, on the other hand, symmetry operations 
are mapping on 'H(r), and one example is the Liouville operator £„, that is 
the generator of time translations. This conclusion is reached by using for 
instance the Hamiltonian if„. Using Galilean invariance, however, we have 
to show the general algebraic conditions for the representation of time trans- 
lation generator, Cn, irrespective of any Hamiltonian formulation previously 
assumed. 

Let \6n) € 'H(r) be an arbitrary n-particle state prepared by an observer 
O at the instant to, and let |6'n; v) be the state having the same properties 
at time to insofar as an observer O , who is moving with velocity v relative 
to O, is concerned. Let us assume that at t = the two coordinate frames 
coincide. The expectation value of the operators Qj := {Qix, Qiy, Qiz), Pi '■= 
{Pix, Piy, Piz) and F (an arbitrary physical quantity in phase space) in these 
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states is then related by the Gahlei transformations, 

(^n;v|Q,|^„;v) = {e^\QM+vto (26) 

(^„;v|P,|e„;v) = (^„|P,|e„) + m,v (27) 

(^,;v|F,|^„;v) = (^„|F,|^^„) + A^^v, (28) 

with Ap being a quantity to be determined for each F. Considering an 
infinitesimal Galilei transformation, we replace v by 5v and define the in- 
finitesimal unitary operator 

f (to, 5v) = 1 - i5v K, K = K^ (29) 

by requiring that r|^^„) = \9n; Sv). We assume that K = K(qj, pj, ^), 
in Eq. (^U^. 

It is to be noted that for F = iXf = i{f, ■} and A = iXa = i{a, ■}, we 
have: 

[A,F]. = t{a{q,p),f{q,p)}, (30) 

= -{-,{«,/}} (31) 

and 

[A,F]=0, (32) 

where A and F are diagonal operators in 'H(r). 

By virtue of Eqs. (I26D,(I27D and (|28]), and the definition given in Eq. (|29|) . 

we get 

to^v = -«[Q„5vK], (33) 

mi6v = -i[Pi,6v-K\, (34) 

A^^v = -i[F,6v-K]. (35) 

Non-trivial solutions of these equations are found by taking K = iXk = 
i{k, ■}, where k = k(q, p) is a vector-function in phase space. Hence, 

= -^[Q„ t{k, ■}] ■ 6v = ■ k, (36) 

d 

rriiSw = -i[Pi, i{k, ■}] ■ Sy = --^—^^ ■ k, (37) 
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(9k 

Aq> = -z5v ■{■,—}, (38) 
(9k 

Ap^5v = ^5v. {-,—}, (39) 



where we have used for F the operators Qj and Pj 
As Sv is arbitrary, these equations reduce to: 

dkr 



dk 

rrii = 



d'^kx d ff^kx d 



d'^k^ d d'^kx d 



dPi.dqixdqi^ dqfdpij 



A solution for these equations is derived considering that the Poisson brackets 
of coordinates and momenta pj are invariant under Gahlei transformations, 
i.e. A^. = Ap^ = 0, such that, 

ki„=toP-MR, R=^i^, M = ^m„ P = 5^Pi (40) 

i i 

Let Uiti^to) = Q-^^riiti-to) ^Yie time-evolution operator on 'H(r), such 
that 

?7(ti,to)f(to, v) = f(ti,v)[/(ti,to). (41) 

This equation imposes a condition on the operator Cn- In order to obtain 
this condition it suffices to replace v by the infinitesimal (5v. Therefore, with 
the aid of Eq. (1291) . we obtain 

f/(ti, to)(l + 5v • {kt„ .}) = (1 + 5v {kt„ ■})t/(ti, to). (42) 

Using Eq. HO]), this equation reads 

d d 
-tQU(ti,tQ)— = U{ti,to)m. 



-ti—U{ti,to)-mi—U{h,to). (43) 
dqi dpi 
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Since the system is invariant under space translations, the operator dj Sqjcommutes 
with U{ti,to). Moreover, with 6t ~ 0, from Eq. we find 

[mi — , 1 - iCJt] = -6t{l - iCJt) — , (44) 

or 

d d 
i[m, — ,Cn]St = 5t—. (45) 

With definitions of M, R and p, we obtain 

i i 

This is a basic resuh, showing the algebraic condition that has to be fulfilled 
by the Liouville operator. 

It is worth noting that, taking the Liouville operator to be in the form 
Cn = i{Hn, - jn wc obtaiu. 



and hence 



d^H^ d ^d^H„ d 1 d 



or 



dpidqidpi dpf dqi rriidqi 

d'^Hn d^Hn 1 

0, 



dpidcii dpf rrii 



whose solution is 



n 



2 



i=l * 

where V{qi, q^) = V{q) is an arbitrary function. Therefore, the condition 
specified by Eq. (l45l) gives, in particular, the standard expression for 
However, Eq. (H5ll is general and is satisfied, in principle, for systems where 
H is not defined. 

Using the Galilean invariance, a general equation of motion is derived by 
writing the Lagrangian associated with Eq. ( l23l) in the form 



(^zdt + + iF{q)dp) 9 + g{99^), (47) 
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where F{q) = —dqV{q) and g is an arbitrary functional of the wave functions. 
This Lagrangian gives rise to Eq. (12^ with g = 0. Let us consider, as an 
example, (l+l)-dimensions with F(q) = and g{66'^) = —j{99'^y, such that 
Eq. dlT]) leads to 

(idt + i—dn] e = xiee^)e. 

\ m J 

This equation describes a flow of particles in phase space, without exter- 
nal field and with a local non-linear collision term. Writing 6{q,p;t) = 
,p) exp(— 2z/t), we have 

V i—dq p) = X(f){q, p)^. 
m / 

The zero-order (A = 0) solution is 0o(?)P) = Ae*^™'''/^. And a solution, up to 
first order in A, is (p{q,p) — 4>o{q,p) + A0i(g,p), that reads 

2A\ 

U[6l + 1) 

The distribution function in phase space is f{q,p) = = (t)^{q,p)(p{q,p)- 
As an illustration, is is important to take the average of an observable as 
the momentum, giving rise to the momentum flow. Following the previous 
prescription we have. 



{P) = J dqdpe*{q,p;t)Pe{q,p;t) = / dqdppf{q,p;t), 
that is consistent with the usual result. 



4 Symplectic quantum mechanics 

In this section we consider representations using the star-product. For sim- 
plicity we treat a one-particle system. The generalization for an n particle 
system is obtained by following a procedure similar to the classical case. The 
representation space is still 'H(r) but equipped with the star-product. The 
Galilei-Lie algebra in phase space is constructed by using the operators given 
by /*, according to Eq. f lT2|) . We proceed by selecting the following set of 
functions in F: pi, qi, ii = eij^qjPk, h = mqi — tpi (sum over repeated indices 
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is assumed). This set is a hint to look for Weyl operators fulfilhng the Gahlei 
Lie algebra, Eq. (IT^ : we have, 

P = p*=p- ^-^dg , (48) 

Q = q* = q + Y^p, (49) 

K = k* = mq * —tp* = mQ — tP, (50) 

Li = eijkQjPk (51) 

ih d ih d h^ (9^ 

2 ' ' dqu 2 ' dqu 4 ' dq^dpu 

H = ih^. (53) 

dt ^ ' 

The physical content of this representation is derived, first, by observing that 
Q and P are transformed by the boost according to 

exp {^iv ■ Kjh^ Qjexp {ivK /fij = Qj + Vjt, (54) 

exp (^—iv ■ K/Jlj Pj exp (^iv ■ K/hj = Pj + rnvj. (55) 



Furthermore 



Qj 5 Pi 



ih6ji. (56) 



Therefore, the operators Q and P correspond to the physical observables of 
position and momentum, respectively, with Eqs. flM|) and fl55l) describing, 
consistently, the way Q and P transform under the Galilei boost. The 
Heisenberg commutation relation is given by Eq. 0561) and m is the mass. As 
a consequence, and for consistency, the generators Lj and H are interpreted 
as the angular momentum and the Hamiltonian operators, respectively. It 
is important is to determine a general form for H, that is accomplished by 
using the Galilei group. The time evolution of an observable A is specified 
by 

exp (itH/h^ A{0) exp (^-itH/h^ = A{t), (57) 

which results in 

th^^A{t) = [A{t),H]. (58) 



14 



For a homogeneous system, the commutation relations [K, H] — iP, leads 
to ^ ^ ^ 

where 

/7(g,p)* = i/(,+ ^|,p-l|). 

2 

A solution is H{q,p) — + V{q)- This result provides a general functional 
for the Hamiltonian 

2m 

fi^ (9^ ihp d 



2m 8m dq^ 2m dq 
- , ih d . 

It is worthy of noting that this expression for the Hamiltonian cannot be 
derived by using the Casimir invariant of the Galilei-Lie Algebra I — H — 
P"^ /2m. In the next section we set forth a set of rules for a complete physical 
interpretation of the theory in terms of the notion of states. 



5 Non-linear Schrodinger equation in phase 
space 

Let us introduce a frame in the Hilbert space for the representation analyzed 
in the previous section. We define the operators 



Q = Q-'-^d, and P = P+'^d, 

transform as 



exp ( -j^^^K \ 2Q exp ( -vK ) = 2Q + vt (59) 



and 

hi \n 



exp ( ~vK] 2Pexp ( \vK ) = 2P + mv. (60) 



15 



As for the observables P and Q in Eqs. f ll4l) and fllSp . we find that Q and 
P also transform as position and momentum. However, since [Q, P] = 0,Q 
and P cannot be interpreted as observables, although they can be used to 
construct a frame in the Hilbert space with the content of the phase space. 
Then we introduce \q,p) such that 

Q\q,p) = q\q,p) and P \q,p) = p\q,p) , (61) 

with 

{q,p\q',p') = S{q-q')5ip-p'), (62) 

and 

J dqdp\q,p) {q,p\ = 1. (63) 

Then we have, 

i^il^P^t) = {q,p\iJ,t) . (64) 

Here 'ipiqyP, t) is a wave function but not with the content of the usual quan- 
tum mechanical state, for q and p are the eigenvalues of the operators Q and 
P which are ancillary variables and not observables. 
From Eq. (IMj) . we have 



(^10) = l^j dqdp\q,p) {q,p\j |0) = j dqdp^\q,p)(j){q,p). (65) 
Using the definition of the star-product, we also have 

{ip\(j))= / dqdpip\q,p) * (f){q,p). 



The average of a physical observable A{q,p) = a{q,p;t)*, in the state 
ip{q,p) is given by 



(A) = I dqdpilj\q,p)A{q,p) ^{q,p) 

dqdptp\q,p)[a{q,p) * tp{q,p)] 
dqdp a{q,p)[ip{q,p) * ^\q,p)] (66) 

The quantity {A) will be real if the spectrum of A is real. 
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The equation of motion is determined by the Lie algebra, resulting in the 
Heisenberg-equation in phase space 

tdtA{q,p;t) = [A{q,p;t),H{q,p)]. 

Therefore, the Schrodinger picture is derived, from the average of A, that is 
given by 



{A) = I dqdpij\t)A{0)^{t) 

dqdp^\t)a{Qi)*i){t), (67) 



where il){t) = e ^^^ip{t). Then we obtain the Shrodinger equation in phase 
space 

ihdtilj{q,p;t) = H{q,p)ip{q,p;t), 

2m Smdq'^ 2mdq}^^^^^' ^ ^ ^ 

+v(^q+'^-^^ij{q,p-t). (69) 

A fundamental physical result in this formalism is the connection of 
ip{q,p]t) with the Wigner function, fwilyP), that is given by 

fw{q,p) = ^{q,p) * ^"^(g,p), (70) 



fulfilling the Liouville-von Neumann equation |30]. Using the star-product, 
the probability density in the configuration space is defined by 



p{q) = j dpilj{q,p) *ilj\q,p) = j dp'^{q,p)ip\q,p), (71) 
while in momentum space it is 

p{p) = / dqtp{q,p) *tp^{q,p) = I dqtp{q,p)tp^ {q,p). (72) 



The wave function, ip{q,p), is then interpreted as a quasi-probability ampli- 
tude describing the state of the system. 
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The Galilean invariant Lagrangian density for bosons with a non-linear 
self interaction is 

_|l^^t + V{q){i,i;^) - ^dq^dqi^^ + {i^i^^f. (73) 
Zm 8m 

Then the Euler-Lagrange equation is 



2 ap 

This describes an extension of the Gross-Pitaevskii equation to the phase 
space. 

Let us consider, as an example, V = and A <C 1. Then a linear 
approximation can be used, i.e. ■i/j{q,p;t) = ipo{q,P',t) + Xipi{q,p;t), where 
ipoiqjP'it) is the solution of the linear equation, 

'^'"^'^'^ ={L- L^^ - SI) 

For simplicity we analyze the (1+1) -dimensional case. A particular solution 
for ■00 (^) is 

where 0o(?,p) = Ae'''^'^ with 

n p 



In addition 

V'i(g,p;i) = (pi{q,p)e-'^\ 
where (f)i{q,p) = Be^^^'^, with 



B = 



{hk±)^ - i8hk± - 8mE' 
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The Wigner function, up to first order in A, is given by 



fw{q,P]t) 



+X'^i{q,p;t)*ipl{q,p;t) 
+Xi/jo{q,p;t)*ipl{q,p;t). 



The star product has to be exphcitly developed, providing a non-trivial result 
for the Wigner function. 

The average of the momentum, as an example, is given by 



where we have used Eqs. (l66l) and (ITOl) . Physically, this result is consistent 
with the Wigner formalism and describes a quantum flow of bosons in phase 
space, with the collision term of the kinetic equation being local and non- 
linear. 

6 Conclusion 

In this paper we have studied symplectic (unitary) representations of the 
Galilei group for classical and quantum systems, developing two aspects. 
First, we have found the general conditions that the generator of time trans- 
lation in phase space has to satisfy, such that its explicit form is derive from 
general elements of symmetry. Second, we derive non-linear equations in 
phase space, associated with the kinetic theory. 

For the classical systems, the generator of time translation is the Liouville 
differential operator, and from the Lagrangian formalism, a classical Liouville 
equation is derived with a local and non-linear collision term. For quantum 
systems, the time generator is a Hamiltonian written in phase space, and the 
analysis of the Lagrangian leads to a non-linear Schrodinger equation in phase 
space. These classical and quantum equations are solved perturbatively, 
as an example, to emphasize the usefulness of such representations in non- 
relativistic kinetic theory. At the same time, these results open doors for 
further developments, such as the analysis of quantum dynamical systems in 
phase space. 
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